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PREFACE 
Our aim in the present thesis is to study the geometry 
of differentiable manifold. Infact to study the geometry of 
a differentiable manifold, it is lot more convenient to first 
embed it into a manifold of which the geometry is known and 
then study the geometry of the underlying manifold vis-a-vis 
the known ambient manifold. Now in the study of submanifolds, 
two problems are of important significance. First is the 
problem of classification of a given submanifold into some 
known submanifolds. This makes the study of underlying 
submanifold lot more simpler. The other one is to see under 
what conditions, one can reduce the dimension of the ambient 
space, keeping the extrinsic geometric features of the 
submanifold intact. In view of these observations, in the 
present thesis we have confined ourselves mainly to these 
problems and have obtained classification of umbilical CR-
submanifolds of Sasakian and Kenmotsu manifolds. We have also 
dealt with the problem of reduction in codimension of proper 
mixed foliate semi-invariant submanifolds in Sasakian and 
Kenmotsu space forms. 
The thesis comprises five chapters. The first chapter 
is introductory, where we have collected some definitions and 
results from submanifold theory, theory of CR-submanifolds of 
a Kaehler manifold and semi-invariant submanifolds of a 
Sasakian manifold which are of relevance to the subsequent 
chapters. Since the major part of the thesis is devoted to 
study of semi-invariant submanifolds, the last two sections 
of this chapter deal with the semi-invariant submanifolds of 
a Sasakian and Kenmotsu manifold. 
In Chapter II, we consider umbilical CR-submanifolds 
and CR-product submanifolds of a Kaehler manifold. In this 
c o n n e c t i o n B.Y. C h e n [16] has shown tnat, the totally 
umbilical CR-submanifolds of a Kaehler manifold are either 
totally geodesic, or totally real, or dim . Similar to 
this, we have c l a s s i f i e d the D^-totally umbilical CR-
submanifolds of a Kaehler manifold and have obtained that 
they are either D^-totally geodesic, or totally real, or dim 
= 1 . Our technique is entirely different from the Chen's 
technique. 
Similar to the CR-submanifolds of a Kaehler manifold, 
we have studied the semi-invariant submanifolds of a Sasakian 
manifold in chapter III. In section 3.2, we classify simply 
connected totally umbilical semi-in-invariant submanifolds 
and establish that they are either semi-invariant product, or 
anti-invariant, or isometric to an ordinary sphere, or 
homothetic to a Sasakian manifold. Continuing the study of 
semi-invariant submanifolds, we estimate the 0-holomorphic 
sectional curvature if the Sasakian space form admits a mixed 
totally geodesic semi-invariant submanifold with parallel 
horizontal distribution. These results form the main contents 
of chapter III. 
Chapter IV is devoted to the problem of reduction in 
c o d i m e n s i o n for a proper mixed f o l i a t e s e m i - i n v a r i a n t 
submanifold of a Sasakian space form. Infact J. Erbacher 
studied this problem in the setting of submanifolds of a 
Kaehler manifold. He obtained that "For a n-d1 mensional 
submanifold M of an m-dimensional complete simply connected 
space from M(c), if the first normal space has constant 
dimension k, and is parallel with respect to the normal 
c o n n e c t i o n , then there is a totally g e o d e s i c (n+k)-
dimensional submanifold M(c) of Fi(c) which contains M". 
Whereas we have established that "If M is a (2k + q+1)-
dimensional proper mixed foliate semi-invariant submanifold 
of a simply connected Sasakian space form Mf-3) of dimension 
n (n22k+2q+1) such that h(Z,W) lie in for each Z and W 
in D^ , then there e x i s t s a c o m p l e t e totally geodesic 
invariant submanifold m' of dimension 2X+2^+^ of M such that 
M is a proper mixed foliate semi-invariant submanifold of 
F 
M". This is the main result of Chapter IV. 
S. Tanno [42], gave a classification for the connected 
almost Contact Riemannian manifolds. He showed that they can 
be divided into three classes: (1) homogeneous normal Contact 
Riemannian manifolds with constant 0-holomorphic sectional 
curvature if the sectional curvature K(X, % )>0, (2) global 
Riemannian products of a line or a circle and a Kaehlerian 
manifold with constant holomorphic sectional curvature, if 
K(X,f)=0 and (3) a warped product space LX^CE", if K(X,f)<0. 
It is known that the manifolds of class (1) are characterized 
by some tensorial equations, w h i c h admit a Sasakian 
structure. Kemotsu [28] characterized the warped product 
space LX^CE" by tensor equations and studied their properties 
through these equations. The structure so obtained were 
later na7r?ed as Kenmotsu structure. He showed that these 
manifolds are not Sasakian in general [28]. 
Chapter V deals with the basic properties of semi-
invariant submanifolds, classification of totally umbilical 
semi-invariant submanifolds of a Kenmotsu manifold and the 
problem of reduction in codimension of a proper mixed foliate 
semi-variant submanifolds of a Kenmotsu space form. 
Each chapter has been d i v i d e d into sections. 
Mathematical relations obtained in the thesis have been 
numbered into three slots, e.g. a relation numbered as 
(3.2.5) would mean fifth relation occurring in the second 
section of Chapter 3. 
In the end we have given a bibliography arranged 
a l p h a b e t i c a l l y w h i c h by no means is e x h a u s t i v e on the 
subject. I.n fact only those works have been listed which 
have been referred to in the body of the thesis by a serial 
number in a square bracket. 
CHAPTER I 
INTRODUCTION 
The present thesis mainly deals with the geometry of OR 
and semi-invariant submanifolds in Kaehler and Sasakian 
settings. In this Chapter, therefore, we put together those 
definitions and results from the theory of submanifolds, CR-
submanifolds and semi-invariant submanifolds which we shall 
use subsequently in the thesis. Most of these definitions 
and results are available in standard references on the 
subject, nevertheless we have collected them here for ready 
references and to fix up our terminology. This also serves 
the purpose of making the thesis self-contained. 
The first section deals with the general theory of 
submanifolds of a Riemannian manifold, and section 1.2, the 
CR-submanifolds of almost Hermitian as well as that of 
Kaehler manifold. If the ambient space is almost contact, the 
CR-submanifold assumes some special features because of the 
structure vector field ^ . The CR-submanifolds in this 
setting are therefore semi-invariant submanifolds. We 
d i s c u s s the s e m i - i n v a r i a n t s u b m a n i f o l d s of a Sasakian 
manifold in section 1.3 and semi-invariant submanifolds of a 
Kenmotsu manifold in section 1.4. 
1.1 SUBMANIFOLDS OF A RIEMANNIAN MANIFOLD 
Let M be a submanifold of a Riemannian manifold M. The 
Riemannian metric g of M induces a Riemannian metric on M 
which we denote by the same letter g, given by 
g(f^X,f^Y) = g(X,Y), for all X and Y in TM , 
where f:M-->M is the embedding and f^ the corresponding 
jacobian map. TM denotes the tangent bundle of M. Since the 
tangent space TJ^ M of M at x £. M is a subspace of M, 
therefore the tangent space T^^^^M of M admits the following 
direct sum 
where T^^M denotes the orthogonal complement of T^M in 
T^^^jM. We define the normal bundle of M in M by 
T^M = U T^^M . 
X£M ^ 
The Riemannian connexion V of M induces Riemannian connexions 
V and V^ on M and in the normal bundle T^M respectively, and 
they are related by Gauss and Weingarten formulae as: 
(1.1.1) V^Y = V^Y + h(X,Y) 
and 
(1.1.2) '^ x^'^  ' 
where X and Y are the tangent vector fields on M and N in T'M 
VyY (resp. -Aj^X) and h(X,Y) (res. Vy^N) are tangential and 
normal components of Y (resp. Vy N) h(X,Y) and A,^ X are 
called the second fundamental forms and they are related by 
(1.1.3) g(ANX,Y) = g(h(X,Y),N) . 
Let the curvature tensors corresponding to the connections V, 
V and V^ be denoted by R , R and R^ respectively. The Gauss, 
Codazzi and Ricci equations are respectively given by, 
(1.1.4) R (X,Y,Z,W) = R(X,Y,Z,W) + g(h(X,Z), h(Y,W)) -
g(h(X,W), h(Y,Z)) 
(1.1.5) [R (X,Y)Z]' = (Vxh)(Y,Z) - (Vyh) (X,Z) 
and 
(1.1.6) R(X,Y,N^,N2) = ,N2)-g ( [A,^  ]X,Y) 
where [R(X,Y)Z]^ denotes the normal component of 
[R(X,Y)Z], and (Vx^) (Y,Z) is given by 
(Vyh) (Y,Z) = Vxh(Y,Z) - h(VxY,Z)-h(Y,VxZ) . 
Several geometric properties of the submanifold vis-a-
vis the ambient space are d e t e r m i n e d by the second 
fundamental form h. Infact we have the following important 
classes of submanifolds described in terms of h. 
DEFINITION 1.1.1: A submanifold for which the second funda-
mental form h is identically zero is called a totally 
geodesic submanifold. 
DEFINITION 1.1.2: A submanifold M is called totally umbilical 
if its second fundamental form h satisfies 
(1.1.7) h(X,Y) = g(X,Y) H, 
1 
where H = (trace of h), called the mean curvative vector 
n 
field. 
DEFINITION 1.1.3: A submanifold M is called minimal submani-
fold if the mean curvature vector H vanishes identically, 
i.e., H=0. 
For a totally umbilical submanifo1d, the Gauss and 
Weingarten formulae have the forms 
(1.1.8) 7yY = V^Y + g(X,Y) H 
(1.1.9) VxN = -g(H,N)X + V^^N 
and the Codazzi equation is given by 
(1.1.10) R(X,Y,Z,N) = g(Y,2) g(Vx^H,N) - g(X,Z) 
for each vector fields X,Y and Z tangent to M and N in T^M. 
1.2 CR-SUBMANIFOLDS 
For a real differentiable manifold M, a tensor field J 
on M is called an almost complex structure on M if at every 
point X of M, J is an endomorphism of the tangent space T^M 
such that = A manifold M equipped with an almost 
complex structure J is called an almost complex manifold. In 
addition to this, if M admits a Riemannian metric g such that 
g(JX,JY) = g(X,Y) for every vector fields X and Y on M, M 
is called an almost Hermitian manifold. In this case 
obviously g(JX,X)=0, i.e., J X I X . Hence for a submanifold M 
of M if X belongs to T^M, JX may or may not belong to T^M. 
Thus the action of the almost complex structure J on the 
tangent vectors of the submanifold of an almost Hermitian 
manifold gives rise to its classification into invariant 
(Holomorphic) and anti-invariant (totally real) submanifolds 
as described below: 
DEFINITION 1.2.1: A submanifold M of an almost complex mani-
fold M is said to be invariant if JT^^McTyM for each x £ M . 
DEFINITITON 1.2.2: A submanifold M of an almost complex mani-
fold M is said to be anti-invariant if JT^M C Ty^M for each 
X e M. 
A. Bejancu [1] introduced the notion of CR-submanifolds 
which emerged as a single setting to study invariant and 
anti-invariant submanifolds of an almost Hermitian manifold. 
He infact studied only the CR-submanifold of a Kaehler 
manifold in his first paper [1], nevertheless, the notion of 
the C R - s u b m a n i f o 1 d of an a l m o s t H e r m i t i a n m a n i f o l d is 
meaningful and later on was extensively studied by several 
other authors and Bejancu himself. Since the present thesis 
basically deals with the CR-submanifolds, we will enlist 
here, in this section, some of the basic notions and results 
about these submanifolds which would be relevant for the 
subsequent chapters. 
DEFINITION 1.2.3: A submanifold M of an almost Hermitian 
mani-fold M is said to be a CR-submanifold of M if there 
exists on M two orthogonal complementary distributions 
D : x — c T^M and D ^ : x — C T^M such that the following 
conditions are satisfied: 
(i) the distribution D is invariant (or holomorphic) under 
J, i.e., JD=D 
(ii) the distribution D^ is anti-invariant (or totally 
real), i.e., T^M, where T^M denotes the normal 
bundle of M in M. 
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From the above definition we observe that the dimension 
of D is always even, say 2k. Let the dimension of D" be q. 
The normal bundle T^M splits as T^M = JD^ u, where u is 
the orthogonal complement of JD^ and is invariant subbundle 
of T^M under J. 
DEFINITION 1.2.4 : A CR-submanifold M is called proper if 
neither D=0 nor D^=0. If D=0, (resp. D^=0), then M is said to 
be totally real (resp. holomorphic) submanifold. 
DEFINITION 1,2.5 : M is said to be D-totally geodesic (resp. 
D^-totally geodesic) if h(X,Y)=0 (resp. h(Z,W)=0) for each X 
and Y in D (resp. Z and W in D^). 
DEFINITION 1.2.6 : A CR-submanifold M of M is called mixed 
totally geodesic if h(X,Z)=0 for each X in D and Z in D^. 
In view of equation ( 1 . 1 . 7 ) , the more general umbilical 
conditions like D-totally umbilical and D^-totally umbilical 
are given by [19]. 
DEFINITION 1.2.7 : A CR-submanifold M is called D^-totally 
umbilical (resp. D-totally umbilical) if 
(1.2.1) h(Z,W) = g(Z,W) Hpl 
(resp. h(X,Y)=g(X,Y)Hp) for every Z and W in D^ (resp. X and 
Y in D). 
If we denote the projection operators on D and D^ by P 
and Q r e s p e c t i v e l y , then they satisfy the following 
conditions [1]: 
p2=p; Q 2 =Q ; P Q = Q P=0; g ( P X , Q X ) = 0 
For a vector field X tangent to M, we set 
(1.2.2) X=PX+QX , 
where PX(respective!y QX) is called the horizontal (resp. 
vertical) part of X. 
The distributions D and D^ are then called horizontal 
and vertical distribution on M respectively. 
For a vector field N normal to M, we put 
(1.2.3) JN=BN+CN , 
where BN(resp. CN) is called the vertical (resp.normal) part 
of N. It is known that C satisfied the condition C^+C=0, 
i.e., C is an f-structure [1]. 
In terms of the connexion V on M, we have, 
DEFINITION 1.2.8 : The horizontal distribution D (resp. 
vertical distribution D^) is said to be parallel with respect 
to the Riemannian connection V on M if Vj^ Y £ D (resp. V^W £ D^) 
for each X and Y in D (resp Z and W in D^). 
The integrabi1ity conditions for the distribution D and 
D^ of the CR-submanifold M of an almost Hermitian manifold M 
are given by: 
LEMMA 1.2.1 [3] : Let M be a CR-submanifold of an almost 
Hermitian manifold M. Then the distribution D is integrable 
if and only if one of the following holds: 
(1) [J.J](X,Y)"^ = [P,P](X,Y) 
(2) [J,J](X,Y)^ = 0 and QCP,P](X,Y)=0 
for any X,Y in D. 
LEMMA 1.2.2 [3] : Let M be a CR-submanifold of an almost 
Hermitian manifold M. The distribution D^ is integrable if 
and only if the Nijenhuis tensor of P vanishes identically on 
D ^ 
Now, before discussing the CR-submanifolds of a Kaehler 
m a n i f o l d , we give here some basic f e a t u r e s of Kaehler 
manifolds. 
DEFINITION 1.2.9 : If the Riemannian connexion V on an almost 
complex manifold (M,J) with Hermitian metric g leaves J 
parallei, i.e., 
(VxJ) Y=0 
for all vector fields X and Y on M, then M is called a 
Kaehler manifold. 
For a Kaehler manifold M, the curvature tensor R 
satisfies the following conditions: 
(1.2.4) R(JX,JY) = R (X,Y) 
(1.2.5) R(X,Y)JZ = JR(X,Y)2 
(1.2.6) R(JX,JY;JZ,JW) =R(X,Y;Z,W) 
The sectional curvature K(n) of a plane n (a two 
dimensional subspace of the tangent space) in the tangent 
space T^M is defined by 
Kin) = R (X,Y;X,Y) = g(R(X,Y)Y,X), 
where {X,Y} is an orthonormal basis for n. 
If at each point the sectional curvature is constant 
then M is said to be a real space form and the Riemannian 
curvature in this case takes the following simple form: 
(1.2.7) R(X,Y)Z = c [g(Y,Z)X-g(X,Z)Y] 
Further, it is known that K(n) depends only on n and is 
independent of the choice of an orthonormal basis for n. If 
we assume that the plane is invariant under the action of J, 
i.e., Jn=n, then {X,JX} forms an orthonormal basis of n for 
any unit vector X in n. In this case the sectional curvature 
of the plane n generated by {X,JX} is denoted by H(X) and is 
called the holomorphic sectional curvature. If at each point 
of the manifold M, the holomorphic sectional curvature is a 
constant c, then M is said to be a space of constant 
curvature. 
A Kaehler manifold M of constant holomorphic sectional 
curvature is called a complex space form. For a complex 
space from M(c), the expression for the curvature tensor R is 
given by [1] 
C 
(1.2.8) R(X,Y)Z = — Cg(Y,Z)X-g(X,Z)Y+g(JY,Z)JX 
4 
-g(JX,Z)JY+2g(X,JY)JZ] 
for each X,Y and Z tangent to M . 
Some results for mixed totally geodesic submanifolds 
are: 
LEMMA 1.2.3 [2] : A CR-submanifold M of a Kaehler manifold M 
is mixed totally geodesic if and only if Aj^ X g D (resp. 
A^Z£D^) for X in D (resp. Z in D^) and N in T^M. 
1 o 
LEMMA 1.2.4 [2] : In a mixed totally geodesic CR-submanifold 
of a Kaehler manifold, the following holds good: 
Aj^X = JAf^X 
JVx^M= Vx^JN 
Vx^N £ u 
for each vector fields X in D and N in u. 
We now give the definitions of (D,u)-f 1 atness of the 
normal connexion V^ and {D,u)-totany geodesicness of M. 
DEFINITION 1.2.10 : The normal connection V^ of M is called 
(D,u)-flat if 
R^(X,Y)N=0 
for each X and Y in D and N in u. 
DEFINITION 1.2.11 : A CR-submanifold M is said to be (D,u)-
totally geodesic (resp. (D^,u)-total1y geodesic) if 
Af^X=0 (resp. Af^Z=0) 
for each X in D, Z in D^ and N in u . 
The integrabi1ity condition of the distributions D and 
D^ on a CR-submanifold M are given by : 
THEOREM 1.2.1 [4] : Let M be a CR-submanifold of a Kaehler 
manifold M. Then 
(i) D^ is always integrable 
(ii) D is integrable if and only if the second fundamental 
form satisfies h(JX,Y)=h(X,JY) for each X and Y in 0. 
1 1 
DEFINITION 1.2.12 : A CR-submanifold M is said to be mixed 
foliate if it is mixed totally geodesic and h(JX,Y)=h(X,JY) 
for all X,Y in D. 
In respect of the geometry of leaves m"^  and f/ of the 
distributions D and D^ respectively on M, we have: 
THEOREM 1.2.2 [6,14]: Let M be a CR-submanifold of a Kaehler 
manifold M. Then 
(i) the leaves of D are totally geodesic in M if and only if 
g(h(D,D), JD^ ) =0 
(ii) the leaves of D^ are totally geodesic in M if and only if 
g(h(D,D^),JD^)=0 
In view of these special characteristics of the leaves 
of the canonical distributions of M, we have the following 
definition: 
DEFINITION 1.2.13 : A CR-submanifold of a Kaehler manifold M 
is called a CR-product submanifold if it is locally a 
Riemannian product of a holomorphic submanifold m"*" and a 
totally real submanifold M^ of M. 
Naturally for a CR-product submanifold, the leaves of D 
and D^ are totally geodesic in M and vice-versa. For a CR-
submanifold M to become CR-product, we have the following 
characteri zation: 
THEOREM 1.2.3 [14] : A CR-submanifold M of a Kaehler manifold 
M is a CR-product if and only if P is parallel, i.e., VP=0. 
1 2 
LEMMA 1.2.5 [14] : A CR-submanifo1d M of a Kaehler manifold M 
is a CR-product if and only if Ajq^D=0. 
So far as the existance of a CR-product in a complex 
space form is concerned, the following result is worth 
mentioning: 
THEOREM 1.2.4 [14] : Let M be a Kaehler manifold with 
negative holomorphic bisectional curvature. Then every CR-
product in M is either a holomorphic submanifold or a totally 
real submanifold. In particular, there exists no proper CR-
product in any complex hyperbolic space M(c) with c<0. 
1.3 SEMI-INVARIANT SUBMANIFOLDS OF A SASAKIAN MANIFOLD: 
Analogous to CR-submanifolds of a almost Hermitian 
manifold/Kaehler manifold, the semi-invariant submanifolds 
of an almost contact manifold/Sasakian manifold were defined 
by Bejaneu and Papaghuic [7]. This became the generalized 
setting to study the invariant and a n t i - i n v a r i a n t 
submanifolds of the almost contact manifold. The geometry of 
the leaves of the canonical distributions in this case have 
been extensively studied by the same author [8]. In order to 
present a clear picture of these submanifolds, we enumerate 
some of the basic definitions and results obtained in the 
geometry of these submanifolds which are also relevant to our 
subsequent chapters. 
1 3 
DEFINITION 1.3.1 : A (2m+1)-dimensional differentiable mani-
fold M is said to be a contact manifold or to have a contact 
structure if there exists a global differential 1—form n on M 
such that 
n A (dn)'" f 0 . 
The f o l l o w i n g r e s u l t due to Gray [22] helps to 
determine the structural group of a contact manifold. 
THEOREM 1.3.1 [11] : Let M be a contact manifold of dimension 
2m+1 . Then the structural group of the tangent bundle of M 
can be reduced to U(m)x1. 
In view of the above theorem, the almost contact 
manifolds are defined in the following way: 
DEFINITION 1.3.2 : A (2m+i)-dimensional differentiable mani-
fold M is said to have an almost contact structure if the 
structural group of its tangent bundle is reducible to U(m)x1 
S. Sasaki [40] has shown that an almost contact 
manifold M admit a triplet (0,f,n), where 0 is a (l-l)-tensor 
field, f is a vector field and n is a differentiable 1-form 
satisfying. 
(1.3.1) = - I + n 0 f , n(f) = 1, no0=O and 0(f)=O . 
He also e s t a b l i s h e d that if a f2m+1 ) - d i m e n s i o n a 1 
differentiable manifold M with the triplet (0,f ,n) satifies 
equation (1.3.1) then the structural group of the tangent 
bundle of M reduces to U(m)x1, i.e., M becomes an almost 
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contact m a n i f o l d . Thus an almost contact manifold is 
characterized by the equation (1.3.1). 
An almost contact manifold M with the triplet (0, i ,n) 
always admit a Riemannian metric g such that 
(1.3.2) g(0X,0Y)=g(X,Y)-n(X)n(Y) , 
g(X,§)=n(X) . 
M together with such a g is called an almost contact metric 
manifold. The fundamental 2-form i"! of M is defined by 
_Q_(X,Y) = g(X,0Y) , 
which is skew symmetric, that is, 
(1.3.3) g(X,0Y)=-g(0X,Y) . 
The covariant derivative of 0 is defined by 
(1.3.4) (Vx0)Y= 7x(0Y)-0(Vj(Y) . 
We are now in position to give the notion of Sasakian 
manifold as follows: 
DEFINITION 1.3.3 : A (2m+1)-dimensional almost contact metric 
manifold M with structure tensors (0,|,n,g) satisfying 
(1.3.1) and (1.3.2) is called a Sasakian manifold if 
(1.3.5) (7x0)Y=-n(Y)X+g(X,Y)f ; V^f = -0X 
for X and Y tangent to M. 
The invariant and anti-invariant submanifolds of an 
almost contact metric manifold are defined in the following 
way: 
DEFINITION 1.3.4: A (2n+1)-dimensional submanifold M of a 
(2m+1)-dimensional almost contact metric manifold M is said 
to be invariant if the structure vector field % is tangent to 
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M and 0X is tangent to M for any X tangent to M, i.e., 
T^M for a11 x E M. 
It is well known that any invariant submanifold of a 
Sasakian manifold with induced structure (0, | ,n,g) is also a 
Sasakian manifold [45]. 
DEFINITION 1.3.5 : An n-dimensional submanifold M of a (2m+1)-
dimensional almost contact metric manifold R is called anti-
invariant if T^M 1 0T^M for each x e M . 
Hence onwards, in this section, we shall assume that M 
is a (2m+1)-dimensional Sasakian manifold together with the 
structure tensors (0, | ,n,g). 
Let M be an m-dimensional Riemannian manifold with 
induced metric g isometrical1y immersed in M. We first recall 
the notion of semi-invariant submanifold of a Sasakian 
manifold. We assume that the structure vector field f of M 
is tangent to M and { f } denotes the distribution 
spanned by | . 
DEFINITION 1.3.6 : The submanifold M of the Sasakian manifold 
M is called semi-invariant submanifold if it is endowed with 
the pair of distributions (D,D^) satisfying the following 
conditions: 
(i) TM=D © D^ © { f }, where the distributions D, D^ and 
{ f } are mutually orthogonal, 
(ii) the distribution D is invariant by 0, i.e., 00^ =^0^ ^ for 
each X £ M, 
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(iii) the distribution D^ is anti-invariant by 0,i.e., 
T^^M for each x g M. 
Here we observe that the dimension of D is always even, 
say 2k. Let the dimension of D^ be q. The normal bundle T^M 
of M splits as T^M = <5) u, where u is the orthogonal 
complement of in T^M and is invariant under 0. 
DEFINITION 1.3.7 : A semi-invariant submanifold M is called 
anti-invariant submanifold (resp. invariant submanifold) if 
D=0 (resp. D^=0). 
DEFINITION 1.3.8 : A semi-invariant submanifold M is called 
proper if it is neither an invariant nor an anti-invariant 
submanifold. 
If we denote the projection morphism of TM to D and D^ 
by P and Q respectively, then we have 
(1.3.6) X=PX+QX+n(X)f 
for all vector fields X tangent to M. 
For a vector field N in the normal bundle T^M, we put 
(1.3.7) 0N=BN+CN , 
where BN (resp. CN) denotes the tangential (resp. normal) 
part of 0N. 
With the help of equation (1.3.7), it can be easily 
seen that: 
LEMMA 1.3.1 [7] : On the normal bundle of each semi-invariant 
submanifold of a Sasakian manifold, there exists an f-
structure C, i.e., C^+C=0. 
-I T 
For a Sasakian manifold M, the curvature tensor R 
satisfies the following, [44]: 
( 1 . 3 . 8 ) R(X,Y)0Z=0R(X,Y)Z+g(0X,Z)Y-g(Y,2)0X+g(X,Z)0Y 
-g(0Y,Z)X 
(1.3.9) R(X,Y)Z=-0R(X,Y)0Z+g(Y,Z)X-g(X,Z)Y-g(0Y,Z)0X 
+g(0X,Z)0Y. 
A 0-sectio»^ at a point x of a Sasakian manifold M is a 
plane section n in the tangent space T^ M at x which is 
spanned by a vector X orthogonal to ^ , and 0X. The 
sectional curvature K(n) with respect to a 0-section n is 
defined by 
K(n)=K(X,0X)=g(R(X,0X)0X,X). 
The sectional curvature K(n) is called a 0-holomorphic 
sectional c u r v a t u r e . S i m i l a r to the case of Kaehler 
manifold, it is verified that if a Sasakian manifold has a 0-
holomorphic sectional curvature c which does not depend on 
the 0-section at each point, then c is a constant. Such a 
Sasakian manifold with constant 0-holomorphic sectional 
curvature c is called a Sasakian space form, and is denoted 
by M(c). 
For a Sasakian space form M(c), the expression for the 
curvature tensor R is given by [5]. 
(C+3) (C-1) 
(1.3.10) R(X,Y)Z= Eg(Y,Z)X-g(X,Z)Y]+ {n(X)n(Z)Y 
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-n(Y)n(Z)X+g(X,2)n(Y)1 -g(Y,Z)n(X)f+g(0Y,Z)0X-
g(0X,Z)0Y+2g(X,0Y)0Z} 
for X,Y and Z tangent to M. 
1.4 SEMI-INVARIANT SUBMANIFOLDS OF A KENMOTSU MANIFOLD 
Kenmotsu [28] studied a particular kind of almost 
contact metric manifold, which later came to be known by his 
name. Kobayashi [27] later s t u d i e d the s e m i - i n v a r i a n t 
submanifolds of these manifolds. Some pre 1iminaries , we 
shall describe in this section, and use subsequently in 
chapter V. 
DEFINITION 1,4.1 : A (2m+1)-dimensional almost contact metric 
manifold M with structure tensors (0, f ,n,g) is called 
Kenmotsu manifold if 
(1.4.1) (Vx0)=-n(Y)0X-g(X,0Y)f and V^f = X-n(X)f , 
where 7 denote the covariant derivative with respect to the 
metric g on M. The tensorial equation (1.4.1) is also known 
as Kenmotsu structure. 
Let M be an m-dimensional Riemannian manifold (with 
induced metric g) isometrically immersed in M. We assume 
that the structure vector field f of M is tangent to M and 
{ f } denotes the distribution spanned by f . The idea of 
semi-invariant submanifold of a Kenmotsu manifold can be put 
as: 
DEFINITION 1.4.2 : The submanifold M of a Kenmotsu 
manifold M is called semi-invariant submanifold if it is 
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manifold M is called semi-invariant submanifold if it is 
endowed with the pair of distributions fD,D^) satisfying the 
following conditions: 
(i) TM = D (?) D^ @ { f }. where the distributions D, D^ 
and {f} are mutually orthogonal, 
fii) the distribution D is invariant by 0, i.e., = Dy 
for each x M, 
(iii) the distribution D^ is anti-invariant by 0, i.e., 
DEFINITION 1.4.3 : A semi-invariant submanifold M is called 
generic if dim D^ = dim T^M. 
Using equations (1.3.6), (1.3.7) and (1.4.1), a straight 
forward computation shows that: 
LEMMA 1.4.1: Let M be a semi-invariant submanifold of a 
Kenmotsu manifold M. Then, we have 
1.4.2) PVJ,0PY-PA0q^ = 0P7xY-n(Y)PX 
1.4.3) Q7x0PY-QA0q^ = Bh(X,Y) 
1.4.4) h(X,0PY)+Vx^0QY=Ch(X,Y)+0Q7xY-n(Y)0QX 
1.4.5) n(Vx0PY-A0Q^)=g(X,0Y) 
1.4.6) = 
1.4.7) BVx^N=QVXBN-QAqJ5 
1.4.8) h(X,BNH7y^CN+0QAj5 = CV^^N 
1.4.9) n(VxBN-A^J$) = g(QX,BN) 
for all X,Y in TM and N in T^M . 
A Kenmotsu manifold M of constant 0-holomorphic section 
curvature c is called Kenmotsu space form. For a Kenmotsu 
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soace form M(c), the curvature tensor R and the Codazzi 
equation is given respectively by [27], 
(c-3) (c+1) 
(1.4.10) R(X,Y)Z = [g(Y,2)X-g(X, Z)Y]+ [n(X)n( Z)Y-
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n(Y)n(Z)X+n(Y)g(X,Z)f-n(X)g(Y,Z)f -g(0X,Z)0Y 
+g(0Y,Z)0X+2g(X,0Y)0Z] 
(c+1 ) (1.4.11) (Vyh)(Y,Z) - (VYh)(X,Z) = [g(X,0Z)0Y 
4 
-g(Y,0Z)0X+2g(X,0Y)0Z3 
CHAPTER II 
CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD 
2.1 INTRODUCTION 
B.Y. Chen classified the totally umbilical CR-
submanifolds of a Kaehler manifold [16]. He showed that 
they are either totally geodesic or totally real or dim D^ = 1. 
In section 2.2 of the present chapter we have worked out a 
classification for a CR-submanifold of a Kaehler manifold 
with more general umbilical condition and have shown that 
D^-totally umbilitical CR~submanifo1d of a Kaehler manifold 
are either D^-totally geodesic or totally real or proper but 
not (D^,u)-totally geodesic, or dim D^=1. The technique of 
the proof is different from the one adopted by Chen. 
It is natural to expect that when the ambient Kaehler 
manifold is taken to be a complex space form, the CR-
submanifold would be of a specialized nature. In section 2.3, 
therefore, continuing the study of CR-submanifolds of Kaehler 
manifold, we investigated CR-product submanifolds of a 
complex space form and establish the existance of a proper 
CR-product submanifolds in a complex space form M(c) with 
O O . 
The contents of this chapter are accepted for publication in 
Tamkang J. Math. 
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2.2 D^-TOTALLY UMBILICAL CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD 
We establish the following classification theorem for a 
D^-totally umbilical CR-submanifold of a Kaehler manifold. 
THEOREM 2.2.1 : Let M be a D^-totally umbilical CR-
submanifold of a Kaehler manifold M. Then 
(1) M is D^-totally geodesic, or 
(2) M is totally real, or 
(3) M is proper, and not (D^,u) totally geodesic, or 
(4) the totally real distribution is one-dimensional, i.e., 
dim 
PROOF : We take Z and W in D^ and using D^-totally 
umbi 1 icalness of M together with the fact that M is Kaehler 
we get 
(2.2.1) - Aj^Z + V7^JW=JV2W+g(Z,W)JHQ^, 
which on taking inner product with Z, gives 
(2.2.2) g(Hj5i,JW) IIZII^ =g(2,W) gCH^^.JZ) . 
Interchanging Z and W, equation (2.2.2) becomes 
(2.2.3) g(Hi5^,JZ) ||WI|2 =g(Z,W) g(HD^,JW). 
Substituting the value of g(HQ^,JZ) from the equation 
(2.2.3) in equation (2.2.2), we immediately get 
, g(Z,W)2 
(2.2.4) g(H{5^,JW) = r g(HD^,JW). 
n z i r ltWl)2 
The possible solutions of (2.2.4) are: 
(a) or (b) H^^ 1 JW, or (c) Z1|W. 
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If condition (a) is satisfied then M is D^-totally geodesic 
which proves part (1) of the theorem. 
Next, suppose that Hq^^O. This means whereas D may 
or may not be zero. Which is equivalent to saying that 
either M is totally real or it is proper. Moreover, if 
condition fb) is satisfied, i.e., if Hq^ belongs to u, then 
we can find a normal vector N in u such that 
g(h(Z,2),N)?!0 
i .6. , g(A,^Z,2) 
which implies that M is not (D^ , u)-total 1y geodesic. This 
proves parts (2) and (3). 
Further if part (c) holds, then obviously dim = 1 . 
This completes the proof of the theorem. 
DEFINITION 2.2.1 : A CR-subamnifold M of a Kaehler manifold 
is called generic if dim D^=dim T^M, i.e., u=0 
For a generic D^-totally umbilical CR-submanifold of a 
Kaehler manifold, it follows directly from the above theorem 
that: 
COROLLARY 2.2.1 : Let M be a D^-totally umbilical generic CR-
submanifold of a Kaehler manifold, then one of the following 
holds: 
(1) M is D^-totally geodesic. 
(2) dim . 
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2.3 CR-PRODUCT SUBMANIFOLDS OF A KAEHLER MANIFOLD 
In this section we investigate the situation under 
which a CR-subman i f ol d of a K.aehler manifold becomes CR-
product. B.Y. Chen [14] has proved that a CR-submanifold M of 
a K.aehler manifold M is a CR-product if and only if AjqI'^"®. 
Now for a totally umbilical CR-submanifold of a Kaehler 
manifold when dim 0^22, it is known that H lies in u, [12], 
which in view of Chen's characterization implies that M is a 
CR-product. Further, for a D - t o t a l l y umbilical CR-
submanifolds with dim 0^22, D is parallel. In addition to 
this if M is mixed totally geodesic, the underlying manifold 
becomes a CR-product. 
For the totally geodesicness of the leaves of D^, we 
have: 
LEMMA 2.3.1 [14] : For a CR-submanifold M in a Kaehler 
manifold M, the leaf M^ of D^ is totally geodesic in M if and 
only if 
g(h(D,D^),JD^)=0 
In view of lemma (2.3.1) and the above discussion, we 
obtain the following: 
LEMMA 2.3.2: Let M be a D-totally umbilical CR-submanifold 
of a Kaehler manifold M. Then M is a CR-product submanifold 
if and only if the leaves of D^ are totally geodesic in M. 
In terms of second f u n d a m e n t a l form the 
characterization of CR-product can be put as: 
1 6 
PROPOSITION 2-3.1 : Let M be a CR-submanifold of a Kaehler 
manifold M. Then M is a CR-product if and only if any one of 
the following holds 
(1) h(U,X) £ u 
(2) h(U,JX)=Jh(U,X) 
for X in D and U tangent to M. 
PROOF; The first part follows from the characterization of 
CR-product gi ven by B.Y. Chen [14], that M is a CR~product if 
and only if AjqI D=0. For the second part, the Gauss 
formula _ 
VyJX=VyJX+h(U,JX) 
gives 
(2.3.2) h(U,JX)-Jh(U,X)=J7yX-VyJX . 
If M is a CR-product then the left hand side of (2.3.2) 
belongs to u by part (1), whereas the right hand side belongs 
to D. Thus both sides are zero which proves that 
h(U, JX)=Jh(LI,X), the converse is obvious. 
We now state a lemma whose proof is obvious. 
LEMMA 2.3.3 : Let M be a CR-submanifold of a Kaehler manifold. 
Then 
(1) M is D-totally geodesic if and only if Aj^ jX lies in D^. 
(2) M is D^-totally geodesic if and only if A|^ Z lies in D. 
for each X in D, Z in D^ and N in T^M. 
For the existance of a proper CR-product submanifold 
we obtained the following: 
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THEOREM 2.3.1 : Let M be a D-totally geodesic, but not 
totally geodesic, CR-submanifold of a Kaehler manifold M. If 
the leaves of D^ are totally gedesic in M then M is a proper 
CR-product. If in addition to this, M is a complex space 
form of constant curvature c then O O . 
PROOF : It is obvious to see that the leaves of D and D^ are 
totally geodesic in M, and hence M is a CR-product. Moreover, 
using equation (1.2.3) and the fact that |th(X,Z)|l^ > 0 for 
each 0#X in D and O^Z in D^ we have 
(2.3.3) g(Jh(X,Z), Bh(X,Z)+Ch(X,Z))>0, 
which imply that 
(2.3.4) g(h(X,Z), JBh(X,Z))+g(h(X,Z),JCh(X,Z))<0 
Since M is a CR-product, therefore first term of the equation 
(2.3.4) vanish and we are left with 
(2.3.5) <0-
Now from equation (2.3.5) it follows that A^ X^ as well as A^Z 
are non zero for each 0 ^X in D and 0 fZ in D^. 
Suppose M is not proper. Then either D=0 or D^=0. 
CASE 1 : Suppose D^=0 but Then Aj^ X does not belong to 
D^ for each X in D and N in T^M, which contradicts the fact 
that M is D-totally geodesic. Similarly, 
CASE 2: Suppose D=0 but D^/0, Then A|^Z does not belong to D 
for each Z in D^ and N in T^M, which again contradicts the 
fact that M is D^-totally geodesic (By the hypotehsis of the 
theorem each leaf of D^ is totally geodesic in M, i.e. 
2 a 
g(h(D,D^),JD^)=0 and h(D^,D^)=0). Hence neither D nor D^ can 
be zero, that is M is a proper CR-product. The last part of 
the theorem follows from theorem (1.2.4). This completes the 
proof of the theorem. 
CHAPTER III 
SEMI-INVARIANT SUBMANIFOLDS OF A SASAKIAN MANIFOLD 
3.1 INTRODUCTION 
The semi-invariant submanifolds of a Sasakian manifold 
are defined analogues to the CR-subman i f o 1 ds of a Kaehler 
manifold, and thus provide a generalized setting to study 
invariant and anti-invariant submanifolds of a Sasakian 
manifold. These submanifolds have been extensively studied 
by Bejancu and Papaghuic [7,8,9,10]. Besides this, some 
other specialized submanifolds, viz., totally umbilical, 
t o t a l l y g e o d e s i c , and mixed f o l i a t e s e m i - i n v a r i a n t 
submanifolds of a Sasakian manifold have been investigated by 
K. Matsumoto, M. Kobayashi [37],[25] and others. 
The totally umbilical s u b m a n i f o l d s with non-zero 
parallel mean curvature vector are known as extrinsic 
spheres. It is interesting to observe that these subamnifolds 
are closely related to the semi-invariant submanifolds of 
Sasakian manifold with dim D^ =1. Further, since totally 
g e o d e s i c s u b m a n i f o l d s are also in p a r t i c u l a r totally 
umbilical, we have studied the totally umbilical semi-
invariant s u b m a n i f o l d s of a S a s a k i a n m a n i f o l d . These 
The contents of this chapter are accepted for publication in 
Tamkang Jr. of Maths. 
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investigations have led to a classification of connected, 
complete totally umbilical semi-invariant submanifolds of a 
Sasakian manifold. Infact in section 3.2 we establish that 
these submanifolds are either semi - i nvar i ant product, or 
anti-invariant, or isometric to an ordinary sphere, or 
homothetic to a Sasakian manifold, or a C-totally real 
submanifold and the f structure C is not parallel in the 
normal bundle. In the last section of this chapter we 
discuss mixed totally geodesic submanifolds of a Sasakian 
space from M(c) and estimate the 0-holomorphic sectional 
curvature if the Sasakian space form admits a mixed totally 
geodesic semi-invariant submanifold with parallel horizontal 
distribution. 
3.2 TOTALLY UMBILICAL SEMI-INVARIANT SUBMANIFOLDS OF A 
SASAKIAN MANIFOLD. 
In this section we shall establish a classification 
theorem for totally umbilical semi-invariant submanifold of a 
Sasakian manifold. First we recall the following: 
THEOREM 3.2.1 [4^]: A complete connected and simply connected 
n-dimensional extrinsic sphere M in a (2m+1)-dimensional 
Sasakian manifold R is one of the followings: 
(1) M is isometric to an ordinary sphere, 
(2) M is homothetic to a Sasakian manifold, 
(3) M is a C-totally real submanifold and the f-structure is 
not parallel in the normal bundle. 
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NOTE: The cases (2) and (3) occur only when n 1s odd ana 
mln+1, respectively. 
DEFINITION 3.2.1: A semi-invariant submanifold M of a 
Sasakian manifold M is called semi-invariant product if the 
distribution D © { | } is integrable and locally M is a 
Riemannian product of the leaf of D © { f } and of D^ 
The main result of this section is the following: 
THEOREM 3,2.2: Let M, (nl5) be a complete, connected, simply 
connected and totally umbilical semi-invariant submanifold of 
a Sasakian manifold M. Then 
(1) M is semi-invariant product, or 
(2) M is anti-invariant submanifold, or 
(3) M is isometric to an ordinary sphere, or 
(4) M is homothetic to a Sasakian manifold, or 
(5) M is C-totally real submanifold and the f-structure C is 
not parallel in the normal bundle. 
PROOF: Taking Z and W in D^ and using the fact that 
V20W = (720)W + 0(V2W), we get 
(3-2.1) Z+ 0W = g(Z,W)f- n(W)Z + + 0h(Z,W), 
where we have used equations (1,3.5) and (1,1.1). 
Taking inner product with Z in the above equation and using 
the umbilical condition we obtain 
(3.2.2) g(H,0W) IIWII^ = g(Z,W) g(H,0Z). 
Interchanging Z and W in (3.2,2), we get 
(3.2.3) g(H,0Z) ||W||2 g(Z,W) g(H,0W). 
Substituting the value of g(H,0Z) in equation (3.2.2) frciD 
equation (3.2.3) we get 
3 2 
g(z,w)2 
(3.2.4) g(H,0W) = g(H,0W). 
11711^ lliwll^ 
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Clearly the above equation has three possible solutions, 
viz. , 
(a) H=0, or (b) H 1 0W, or (c) Z!|W . 
Suppose condition (a) holds, i.e., M is totally geodesic. 
Then for X in D and U in TM we get 
g(VyX,Z) = g(Vu0Y,Z) 
for some Y in D. This implies that 
gCV^X.Z) = g(g(U,Y)f -n(Y)U + 0 V^Y + 0h(U,Y),Z). 
Hence g(V^jX,Z)=0, because g ( f ,Z)=0 = n(Y) and totally 
geodesicness of M gives that h(U,Y)=0. From here we conclude 
that Vy^ D ® { I } which is characteri zation for 
semi-invariant product [5]. This proves part (1) of the 
theorem. 
Next, suppose that Hj^ O and it belong to u. Then 
V)^0H = 0VxH 
for each X in D. Therefore 
-Aqi^X + V)^ 0H = 0(-AHX + H ), 
which on using umbi1icalness of M gives 
(3.2.5) Vx 0H = -g(H,H) 0X + 07^^ H . 
Furthermore, a straight forward calculation shows that Vj^ 0H 
and Vj^ H lie in u. Thus 0X=O, which establishes the second 
part of the theorem. 
Finally, suppose H ^ u , and Z|1W, i.e., dim . 
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Since dim Mj^B, we can choose vectors X and Y in D satisfying 
(3.2.6) g(X,Y) = g(X,0Y) = 0 
Now, for each normal vector N in from equations (1.3.8) 
and (1.1.10) we obtain 
(3.2.7) R(0X,Y,0Y,N) = g(Y,Y) H,N), and 
(3.2.8) R(0X,Y,0Y,N)=O 
respectively. This shows that H=0. Again for Z in N 
in u and N^ in 0D^, equations (1.3.9) and (1,1.10) imply that 
(3.2.9) R(Z,Y,Y,N)=0 
and 
(3.2.10) R(Z,Y,Y,N) = g(Y,Y) g(V2 H,N) 
respectively. Thus combining both the equations (3.2.9) and 
(3.2.10) we infer that V ^ H lies in 0D^. On the same lines 
one can immediately see that 
(3.2.11) R(Z,Y,Y,N^)=0 
and 
(3.2.12) R(Z,Y,Y,N^) = g(Y,Y) g(V2 H,N^) 
From equations (3.2.11) and (3.2.12), it follows that H 
belongs to u. This shows that for Z in D^, 
i.e., Again using equations (1.3.9) and (1.1.10) we 
get 
(3.2.13) R(f ,Y,Y,N)=0 
and 
(3.2.14) R(f ,Y,Y,N)= g(Y,Y) g(V^ H,N) 
for each N in T^M, The equation (3.2.13) together with 
(3.2.14) implies that vj H=0. Hence V^ H=0 for all vector 
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fields X tangent to M, i.e., M is an extrinsic sphere. Now 
theorem (3.2.1) ensures parts (3), (4) and (5) of our 
theorem. This theorem thus gives a complete classification 
of totally umbilical semi-invariant submanifold of a Sasakian 
manifold. 
3.3. SEMI-INVARIANT SUaWANIFGLDS OF A SASAKIAN SPACE FORM 
In this section we study the mixed totally geodesic 
semi-invariant submanifold of a Sasakian space form with 
parallel horizontal distribution. We recall that the 0-
holomorphic bisectional curvature of M is given by 
H(X,Y) = R(X,0X,0Y,Y). 
Before establishing the main theorem of this section we 
first give the following lemmas: 
LEMMA 3.3.1 : A semi-invariant submanifold of a Sasakian 
manifold is mixed totally geodesic if and only if A,^ X £ D for 
each X in D and N in T'^M. 
The proof of the lemma is obvious. We also have, 
LEMMA 3.3.2 : Let M be a mixed totally geodesic semi-
invariant submanifold of a Sasakian manifold M with parallel 
horizontal distribution. Then for each X in D and Z in D^ , 
H(X,Z)=0 
PROOF : Using mixed totally geodesicness of M, the Codazzi 
equation gives 
(3.3.1) R(X,0X,Z,0Z)=-g(h(Vx0X,Z)0Z)-g(h(0X,7x2) 
+g(h(70xX,Z).0Z)+g(h(X,V0xZ),0Z). 
1 5 
Since D is parallel, Vy0X as well as V0yX lies in D and 
hence 
h(V;^0X,Z) =0= h(V0xX,Z). 
Using this in equation (3.3.1) we get 
R(X,0X,Z,0Z)=-g(A020X,VyZ)+g(A02X,V0)^Z) , 
which implies that 
(3.3.2) R(X,0X,Z,0Z) =g(7xA0z0X,Z)-g(V0xA0zX,Z) 
Using mixed totally geodesicness of M and parallelness of D 
in equation (3.3.2), the assertion follows. 
We now state the main result of this section. 
THEOREM 3.3.1 : Given a Sasaki an space from M(c) of constant 
0-holomorphic sectional curvature c. In order that it may 
admit a mixed totally geodesic semi-invariant submanifold M 
with parallel horizontal distribution D, it is necessary that 
c=1 . 
PROOF : From lemma 3.3.2, it follows that H(X,Z)=0 for each X 
in D and Z in D^. Using the curvature equation (1.3.10) of 
the Sasakian space form together with H(X,Z)=0 we obtain 
(c-1 ) 
g(0X,0X) g(0Z,0Z)=O 
2 
i.e., (c-1) ;;x; ; ! z ; = o , 
which gives that c=1 . This completes the proof of the 
theorem. 
In another setting we have the following result: 
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THEOREM 3.3.2 : Let M be a mixed foliate semi-invariant 
submanifold of a Sasakian space from M(c). If the normal 
connection is (D,u)-flat, then ell . The equality holds good 
if and only if M is (D,u)-totally geodesic. 
For the proof, we need the following definition and 
results: 
DEFINITION 3-3.1: A semi-invariant submanifold of a Sasakian 
manifold is called mixed foliate if D @ { f } is integrable 
and h(X,Z)=0 for each X in D and Z in D^. 
LEMMA 3.3.3 [7] : Let M be a semi-i nvari ant submanifold of a 
Sasakian manifold, then the distribution D ® {€} is integ-
rable if and only if 
(3.3.3) h(X,0Y)=h(0X,Y) 
for each X and Y in D. 
LEMMA 3.3.4 [25] : For a mixed foliate semi-invariant sub-
manifold of a Sasakian manifold, 
(3.3.4) A,^0X = -0Af^X 
(3.3.5) Agji^ X = 0A^X 
for each X in D and N in u. 
PROOF OF THE THEOREM: Since the normal connection is (D,u)-
flat, therefore R^ (X,Y)N=0 for each X and Y in D and N in u. 
Using this fact in equation (1.1.6), we obtain 
(3.3.6) R(X,Y,N,0N) =-g( Agj^  , A,^Y) + g(A0f^Y, A,^X), 
which implies that 
(3.3.7) R(X,Y,N,0N) =-2g( A,^ X , A^0Y) , 
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where we have used equations (3.3.4) and (3.3.5) . 
Next, using equation (1.3,10), it is easy to obtain 
(c-1) 
(3.3.8) R(X,Y,N,0N) = g(X,0Y) g(N,N). 
2 
Taking N as a unit vector field in the normal subbundle u, 
equations (3.3.7) and (3.3.4) yield 
(3.3.9) (c-1) g(X,0Y) -h 4g(Af^X,Af^0Y) = 0. 
Taking X=0Y and using the positive definiteness of the metric 
g, it follows from equation (3.3.9) that c-1<L0, i.e., c<.1 . 
Moreover, if M is (D,u)-total 1 y geodesic, then A|^X=0 for each 
N in u and X in D. This implies c-1=0, i.e., c=1, which 
completes the proof of the theorem. 
NOTE: A similar result is known in Kaehler setting. 
CHAPTER IV 
REDUCTION IN CODIMENSION OF A PROPER MIXED FOLIATE SEMI-
INVARIANT SUBMANIFOLD OF A SASAKIAN SPACE FORM M(-3) 
4.1 INTRODUCTION 
In the study of the geometry of submanifolds, one of 
the important aspects is to see that under what conditions 
one can reduce the dimension of the ambient space so that the 
intrinsic geometric features of the underlying submanifold 
remains exchanged. To this end, J. Erbacher [20] showed that 
"For an n-dimensional submanifold M of an m-dimensiona1 
complete simply connected space form M(c), if the first 
normal space N^ has constant dimension k, and is parallel 
with respect to the normal connection, then there is a 
/ 
totally geodesic (n+k)-dimensional submanifold M(c) of M(c) 
which contains M." Later, in Kaehler setting, Ki-U-Hang and 
H. Nakagawa [35] studied the problem of reduction of the 
codimension of totally real submanifolds of a complex space 
form with the condition that the induced f-structure in the 
normal bundle is parallel. Besides this, Shahid Ali [33], 
has dealt with the problem of reduction in codimension of a 
The contents of this chapter are accepted for publication in 
Revisca di Matematica. 
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CR-submanifold of a comolex space form. This motivated us to 
study the reduction problem in the Sasakian setting and to 
investigate the properties of underlying submanifold. We 
call M to be a mixed foliate semi-invariant submanifold 
if D © { is integrable and h(X+ f ,Z)=0 for each X in 
D and Z in D^. We establish that given a Sasakian space from 
M(c) of constant 0-holomorphic sectional curvature c, in 
order that it may admit a mixed foliate proper semi-invariant 
submanifold, it is necessary that c l 1. Having established 
this, we choose c to be equal to -3 for computational 
convenience and work out the reduction in codimension for a 
proper mixed foliate semi-invariant submanifold of a Sasakian 
space form. 
4.2 MIXED FOLIATE SEMI-INVARIANT SUBMANIFOLD OF A SASAKIAN 
SPACE FORM 
Let M(-3) be a hyperbolic Sasakian space form, i.e., a 
Sasakian manifold of constant holomorphic sectional curvature 
-3. The curvature tensor R of M is then given by [5], 
(4.2.1) R(X,Y)Z= n(Y)n(Z)X-n(X)n(Z)Y-g(X,Z)n(Y)|+g(Y,Z)n(X)f 
-g(0Y,Z)0X+g(0X,Z)0Y-2g{X,0Y)0Z . 
For a submanifold M, the first normal space N^ and the 
first osculating space O^ at x £ M are defined by 
n' = {h^(X„,Y^): X^,Y„£T„ M} and 
Oi = T^ M © N i 
4 0 
where T^M is the tangent space of M at x. A subspace U of 
T^M is said to defined a Lie triple system if 
R(X^,Y^)Zy £ U 
for each X^, Y^ and Z^ in D. For a Lie triple system 0 in a 
symmetric space M, there exists a unique complete totally 
geodesic submanifold m' of M such that T^m'= 0, [23], It is 
known that the simply c o n n e c t e d manifolds of constant 
curvature are symmetric [31]. 
LEMMA 4,2.1 [8] : Let M be a semi-invariant submanifold of a 
Sasakian manifold M. Then for any X in TM and N in T^M we 
have 
(4.2.2) 0PAfgX = PAQf^X-PVxBN, 
(4.2.3) B7xN = QV^BN - QA^^gX, 
(4.2.4) h(X,BN) + vJcN + 0QA,^X = CV^ N 
Now, we establish an existance theorem for a proper 
mixed foliate semi-invariant submanifold of a Sasakian space 
form M(c). 
THEOREM 4.2.1 : If M is a proper mixed foliate semi-invariant 
submanifold of a Sasakian space form Mfc), then cl1. 
PROOF: We take X and Y in D and Z in D^ such that Z=0N for N 
in Equations (4.2.2) and (4.2.3) give 
(4.2.5) VyZ = B Vy*^  - 0PA,^Y. 
Using equation (4,2,5) together with h([X,Y],Z)=0 in equation 
(1.1.5) we obtain, 
(4.2.6) [R(X,Y)Z]^ = h(Y,0PA,^X)-h(X,0PA^Y) 
1 
Replacing X by 0Y and using h( Y, AjgY)=h(0Y,Af^0Y), the above 
equation gives 
(4.2.7) CR(X,Y)Z]^ = 2h(0Y, Aj^0Y). 
Furthermore, from curvature equation of Sasakian space form 
M(c) we have, 
(1-c) 
(4.2.8) CR(X,Y)Z]^ = g(X,0Y)N . 
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Combining equations (4.2.7) and (4.2.8), we get 
(1-c) h(0Y,Afg0Y) = g(X,0Y)N . 
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Taking inner product with N in the above equation and using 
the fact that 
g(Afg0Y, A,^0Y) > 0 , 
the assertion immediately follows. 
This ensures the existance of a proper mixed foliate 
semi-invariant submanifold of a Sasakian space form M(c) with 
C21 . In the next section we study the problem of reduction 
in C o d i m e n s i o n for these s u b m a n i f o l d s in a h y p e r b o l i c 
Sasakian space form M(c) with c=-3. As may be observed in 
the subsequent sections, this choice of c makes the curvature 
expression more managable, 
4.3 REDUCTION IN CODIMENSION 
In order to establish the main theorem of this section, 
first we give some basic lemmas. 
LEMMA 4.3.1: Let M be a mixed foliate sem i - i n v a n an t 
submanifold of a Sasakian space form M(-3). Then 
g(VyZ,X) = g(0A02U,X) 
for each X in D, Z in D^ and U tangent to M. 
PROOF: We start with 
g (VuZ,X) = -g(Z,VuX) 
Putting X=0Y for Y in D and using equations (1.3.4), (1.3.5) 
and (1.3.1) together with the Gauss formula we obtain, 
(4.3.2) g(V^jZ,0Y) = g(0Z,h(U,Y)), 
which implies 
g(VyZ,0Y) = gCAg^U.Y) . 
Replacing Y by -0X in the above equation we get 
g(7uZ,X) = g(0A02U,X) . 
This completes the proof of the lemma. 
PROPOSITION 4.3.1: Let M be a proper mixed foliate semi-
invariant submanifold of a Sasakian space form M(-3). Then 
h(X,Y)£0D^ for each X and Y in D. 
PROOF: From equation (4.2.1) we have, 
(4.3.3) [R(X,Y)Z3^ = -2g(X,0Y)0Z 
for each X and Y in D and Z in D^. Using this in Codazzi 
equation (1.1.5) we get 
(4.3.4) -2g(X,0Y)0Z = h(X,VYZ)-h(Y,VxZ), 
where we have used h ([X,Y],Z)=0. Taking inner product in 
equation (4.3.4) with 0W for W in D"'" we get 
(4.3.5) -2g(X,0Y) g(0Z,0W) = g(h(X,VyZ),0W)-g(h(Y,V^Z),0W). 
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Replacing X by 0X in the above equation and using equations 
(1.3.1), (1.3.2) and (4.3.1) we obtain 
(4.3.6) 2g(X,Y) g(Z,W) = + 9( Ag^X , Ag^Y ) . 
Moreover, R^ (X,Y)02£0D^ because V^^ 0Z6 0D^. Thus for N in u, 
from equations (4.2.1) and (1.1.6), we conclude that 
(4.3.7) g(CA02,A,^3(X),Y) = 0 
Replacing X by 0X and taking inner product with N£u in 
e q u a t i o n (4.3.4) and using similar m a n i p u l a t i o n as in 
equation (4.3.6) we get 
(4.3.8) g(A^X, A02Y) + g(A,^Y, A02X) = 0 . 
From equations (4.3.7) and (4.3.8), we have 
Clearly for each X in D, Aj^  X lies in D. Replacing X by Aj^ X 
in equation (4.3.6) and using the fact that 
A0Z (Aj^X) = 0 = Agy, (A,^X) , 
we obtain 
(4.3.9) 2g(AfgX,Y) g(Z,W) = 0 
Since M is proper, therefore equation (4.3.9) yields that 
g(A^X,Y)=0 , 
from which our assertion follows. 
NOTE: We also observe that h(f ,X), h( f , "f ) and h (X,2+f ) 
lie in 0D^ for each X in D and Z in 0"'" 
From equation (4,3.6), we immediately have: 
COROLLARY 4.3.1 : Let M be a proper mixed foliate semi-
invariant submanifold of a Sasakian space frm M(-3). Then 
f1) A^02X=X, X £ D and Z is a unit vector in D^ 
(2) A02A0y/X = -AQ^A^^X, X £ D ; Z, VI E D^ and 2 i W . 
COROLLARY 4.3.2 : There exist no D-totally geodesic proper 
mixed foliate semi-invariant submanifold of a Sasakian space 
form M(-3). 
PROOF: We take X and Y in D and Z in D^. Then putting W=2 in 
equation (4.3.6) we get 
g(X,Y) g(Z,Z) = g(h(X,A02Y),0Z) . 
On the contrary suppose M is D-totally geodesic, then 
g(X,Y) g(Z,Z)=0, which shows that either D=0 or D^=0, 
i.e., M is not proper which is a contradiction. Thus M can 
not be D-totally geodesic. 
With the help of p r o p o s i t i o n 4.3.1, the first 
osculating space at x £ M can be determined in the following 
way: 
LEMMA 4.3.2: Let M be a proper mixed foliate semi-invariant 
submanifold of M(-3) satisfying h(Z,W) £ for Z and W in 
D^ . Then T^ M^ © is the first osculating space at 
x £ M. 
PROOF: In order to show that T^M © is the first 
osculating space at x £ M it suffices to show that 
0D^ = {h(X,Y): X,Y £TM} . 
Using proposition 4.3.1, we get 
{h(X,Y) : X,Y £ T M } C 0 D ^ . 
4 5 
In fact eaual ity holds here. For otherwise taking a u m t 
vector 0Z in such that 
g(h(X,Y),0Z)=O 
for all X, Y in TM gives that 
g(A02X.Y)=O 
for all Y. In particular if we take X in D and Y=A02X then 
g(A0zX, A02X) = 0 . 
This gives 
gCA^g^^.X) = 0, 
which is impossible by Corollary 4.3.1 unless M is anti-
invariant. This completes the proof of the lemma. 
We recall that: 
THEOREM 4.3.1 [8]: Let M be a semi-invariant submanifold cf a 
Sasakian space form M(c) with c?i1. If the second fundamental 
form of M satisfies the classical equation of Codazzi, then M 
is either an anti-invariant submanifold or an invariant 
submanifold. We say that the second fundamental form h of M 
satisfies the classical equation of Codazzi if 
(Vxh)(Y,Z) = (VYh)(X,Z) 
for all X,Y and Z in TM. 
We are now in position to state the main result. 
THEOREM 4.3.2: Let M be a (2k+q+1)-dimensional proper mixed 
foliate semi-invariant submanifold of a simDly connected 
S a s a k i a n space form M(-3) of d i m e n s i o n n (nl2k+2q+1) 
satisfying h(Z,W)i0D^ for each Z and W in D^. Then thsre 
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exists a complete totally geodesic invariant submanifold m' 
of dimension 2k+2q+1 of M such that M is a proper mixed 
foliate semi-invariant submanifold of m' . 
PROOF: Using equation (4.2.1) and lemma 4.3.2, it is obvious 
that the osculating space is a Lie-triple system. Hence 
by [23,31] there exists a c o m p l e t e totally geodesic 
submanifold m' of M(-3) of dimension 2k+2q+1. Now, the 
second fundamental form of m' satisfies the classifcal 
equation of Codazzi, and hence by theorem 4.3.1, m' is either 
an anti-invariant or an invariant submanifold. In our case m' 
is obviously invariant. In fact M^itself is a Sasakian space 
form of constant curvature -3, and M is its proper mixed 
foliate semi-invariant submanifold. 
This gives the required reduction. 
CHAPTER V 
SEMI-INVARIANT SUBMANIFOLDS OF A KENMOTSU MANIFOLD 
5.1 INTRODUCTION 
S. Tanno [42], gave a classification for the connected 
almost contact Riemannian manifolds. He showed that they can 
be divided into three classes: (1) homogeneous normal contact 
Riemannian manifolds with constant 0-holomorphic sectional 
curvature if the sectional curvature K(X, f )>0, (2) global 
Riemannian products of a line or a circle and a Kaehlerian 
manifold with constant holomorphic sectional curvature, if 
K(X,f )=0 and (3) a warped product space LX^CE", if K(X,?)<0. 
It is known that the manifolds of class (1) are characterized 
by some tensorial equations which gives a Sasakian structure 
[11]. K. Kenmotsu [28] characterized the warped product 
space LX^CE*^ by tensor equations and studied their properties 
through these equations. The structure so obtained wera 
later named as Kenmotsu structure. Kenmotsu showed that 
these manifolds are not Sasakian in general [28]. Now, it is 
natural to ask, in what way the geometry of the submanifolds 
of a Kenmotsu manifold diffsrs from that of the Sasakian. 
T h e r e f o r e in this chapter we s t u d y the s e m i - i n v a r i a n t 
submar.ifolds of a Kenmotsu manifold. 
In Section 5.2 and 5.3 of the present chaptsr we 
i n v e s t i g a t e the basic p r o p e r t i e s of s e m i - i n v a r i a n t 
submanifolds of a Kenmotsu manifold. In sections 5.4 and 5.5 
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we work out a classification of semi-invariant submanifolds 
of a Kenmotsu manifold and study the problem of reduction in 
codimension of a semi-invariant submanifold in this setting. 
5.2 GEOMETRY OF LEAVES OF A SEMI-INVARIANT SUBMANIFOLD OF A 
KENMOTSU MANIFOLD 
As discussed in chapter I, an almost contact metric 
manifold is called Kenmotsu manifold if (Vj^0)Y=-n(Y)0X-
g(X,0Y)f and V^f = X-n(X)f . In this section we shall 
obtain the integrabi1ity conditions of the distributions of 
semi-invariant submanifold and study the geometry of their 
leaves. The following conditions for the integrabi1ity of 
the distributions obtained by M. Kobayashi [27] are also of 
interest to us. 
THEOREM 5.2.1 [27]: Let M be a semi-invariant submanifold of 
a Kenmotsu manifold. Then, the distribution D is integrable 
if and only if 
(5.2.1) h(X,0Y)=h(0X,Y) 
for all X and Y in D. 
THEOREM 5.2.2 [27]: For a semi-invariant submanifold of a 
Kenmotsu manifold, the anti-invariant distribution is always 
integrable. 
THEOREM 5.2.3 [27]: For a semi-invariant submanifold of a 
Kenmotsu manifold, the leaves of D ® {f} are totally geodesic 
in M if and only if 
g(h(D,D), 0D^)=O 
We now establish the following: 
T H E O R E M 5.2.4: For a s e m i - i n v a r i a n t s u b m a n i f o l d of a 
Kenmotsu manifold M, the distribution D © D^ is integrable. 
PRCX)F: For Z and W in D^ , 
g(C2,W], f ) = g(72W - f ) 
= g(z, v^^ ) -g(w,V2f ) . 
Using equation (1.4.1), we get 
g([Z,W], f)=0 . 
This implies that 
[Z,W] € D © D^ . 
On the same lines it is obvious to see that CX,Y] and CX,W] 
also lie in D 0 D^ for each X and Y in D and W in D^, which 
proves our assertion. 
THEOREM 5.2.5: Let M be a semi-invariant submanifold of a 
Kenmotsu manifold, then the distribution D^ 0 {f} is 
integrable. 
PROOF:For any X in D and Z in D^, we have 
g(CZ, f ],X) = g(V2? - V^Z,X) . 
Using equation (1.4.1) in the above equation we get 
(5.2.2) g([Z, f ],X) =-g(V^Z,X) . 
Putting X=0Y for Y in D, equation (5.2.2) becomes 
g([Z, f ],0Y) = g(Z,V^0Y)) 
which implies that 
(5.2.3) g([Z,f3, 0Y) = g(Z,(7^ 0)Y+0(V^Y)). 
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Again using equation (1.4.1), Gauss formula and the fact that 
h( I ,Y)=0, the equation (5.2.3) ensures that CZ,f] lie in 
which proves the assertion. 
In what follows, we study the properties of the leaves 
of some of these distributions. 
THEOREM 5.2.6: Let Mbe a proper, D-totally geodesic semi-
invariant submanifold of a Kenmotsu manifold M, then no leaf 
of D can be totally geodesic in M. 
PROOF: Let m"*^  be the leaf of D. We denote by h' and R the 
second fundamental forms of M^ in M and R respectively. Then 
(5.2.4) R(X,Y) = h'(X,Y) + h(X,Y) 
for all X and Y tangent to M . 
Now, for Z in D"'" , 
g(h(X,Y),Z+f ) = g(VxY - v \ y , Z +f) 
= g(7xY,Z) + g(VxY,f), 
where V^^^Y denotes the connection on M^. This can also be 
written as 
g(h(X,Y).Z+f ) = g(VxY,Z)-g(Y.Vx!). 
Putting Y=0V for V £ D in the above equation and using 
equation (1.4.1) WG obtain 
(5.2.5) g(h(X,0V). Z+ f ) =g((7x0)V + 0(VxV,Z)-g(0V,X). 
Using equation (1.4.1) t o g e t h e r w i t h Gauss formula in 
equation (5.2.5) we get 
g(h(X,0V),Z+ f ) = g(0h(X,V),Z)-g(0V,X). 
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On the contrary, suppose the leaf m"*" of D is totally geodesic 
in M, i.e., 
g(h^X,0V), Z+ f )=0, 
which gives 
(5.2.6) g(0h(X,V),Z) = g(0V,X). 
By h y p o t h e s i s , h ( X , V ) = 0 . This together with the above 
equation gives that D is not proper which is a contradiction. 
Thus no leaf of D can be totally geodesic in M. 
THEOREM 5.2.7: Let M be a mixed totally geodesic proper 
semi-invariant submanifold of a Kenmotsu manifold M. Then no 
leaf of D^ can be totally geodesic in M. 
PROOF: We denote by h' and Fi the second fundamental forms of 
the leaf M^ of D^ in M and M. For 2 and W in D^, taking 
inner product of h^  (2,W) with X +f6D © {f} and using the 
same technique as in theorem 5.2.6 we arrive at: 
(5.2.7) g(h'(Z,W), X+f ) =-g(W,V2X)-g(W,2) . 
Replacing X by 0Y for Y £ D in equation (5.2.7) we get 
g(h(Z,W),0Y+ f ) = -g(W,V20Y) -g(W,Z) 
= -g(W,(V20)Y + 0(V2Y))-g(W,Z). 
Using equations (1.4.1) and (1.1.1) in the above equation, we 
get 
(5.2.8) g(h(Z,W), 0Y+f ) =g(h(Z,Y),0W)-g(W,Z). 
From equation (5.2.8), using same argument as in 
theorem 5.2.6, we conclude that if M is mixed totally 
geodesic then no leaf of D^ can be totally geodesic in M. 
This completes the proof of the theorem. 
For the leaf of D^ @ {?} to be totally geodesic in M 
we have: 
THEOREM 5.2.8: Let M be a semi-invariant submanifold of a 
— * 1. 
Kenmotsu manifold M, then the leaf M of D (?) {f} is 
totally geodesic in M if and only if 
(5.2.9) g(h(D,D^), 0D^)=O 
PROOF: Let M* be the leaf of D^ ® {f}. Denoting by h and R, 
the second fundamental forms of M* in M and M respectively, 
taking inner product of h'' (Z+f ,W+f) for Z and W in D^ with 
X in D, and using equation (1.4.1), we obtain: 
(5.2.10) g(h^Z+f , W + f ),X) = g(72W,X) + g(7e W,X) 
= -g(w, - g(W,7| X) . 
Replacing X=0Y for Y in D and using equation (1.4.1) together 
with Gauss formula in equation (5.2.10) we get 
(5.2.11) g(h(Z+f,W+f), 0Y) =-g(W, 0h(Y,Z)) 
= g(0W,h(Y,Z)), 
from where our assertion follows-
From the above theorem we immediately have: 
COROLLARY 5.2.1: Let M be a generic semi-invariant submani-
fold of a Kenmotsu manifold M, then the leaf of D^ 0 {|} is 
totally geodesic in M if and only if M is mixed totally-
geodesic. 
On the same lines, it is easy to obtain: 
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THEOREM 5.2.9: Let M be a semi-invariant submanifold of a 
Kenmotsu manifold M, then no leaf of D © D^ can be totally 
geodesic in M. 
5.3 SEMI-INVARIANT PRODUCT 
Let M be a semi-invariant submanifold of a Kenmotsu 
manifold M. We say t h a t M is s e m i - i n v a r i a n t product 
submanifold if the distribution D @ {§} is integrable and 
locally M is a Riemannian product of the leaf of D © {§} and 
of D^. We obtain the following characterization for the 
semi-invariant product. 
THEOREM 5.3.1: Let M be a semi-invariant submanifold of a 
Kenmotsu manifold M, then M is a semi-invariant product 
submanifold if and only if 
V^W £ D^ 
for each U tangent to M and W in D^ , 
PROOF: If M is a semi-invariant product submanifold, then 
obviously 
(5.3.1) 7 x Y £ D ® { f } and V7 W 8 D^ 
for each X and Y in D and Z, W in D^ . 
Taking inner product of VYVI with Y+% to get 
(5.3.2) g(7xW, Y+§) =g(7j^W,Y)+g(7xW,^) 
= -g(w,7xY) -g(w,Vxf ) 
Putting Y=0V for V g D in equation (5.3.2) we get 
g(VxW,0V+|) =-g(W,Vx 0V) -g(W,X-n(X)f ) 
= -g(w, (Vx0)V + 0(7xV)) 
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= -g(W, 0h(X,V)) 
= g(0W, h(X,V)), 
or, 
g(7xW,Y+f) =-g(h(X,0Y).0W) , 
where we have used equation (1,4.1) together with Gauss 
formula. Since the leaf of D @ {f} is totally geodesic in M, 
it follows that 
g(7xW, Y+ f ) = 0, i.e., 
(5.3.3) £ D^ . 
On the same lines it is easy to obtain 
(5.3.4) Vg W S D ^ 
Thus, the necessary part follows from the equations (5.3.1), 
(5.3.3) and (5.3.4). 
Conversely, if 7yW€D^ then 
and Vy+^X+f lie in D © {|}. 
i.e. [X+^,Y+9]£ D<© {f} 
This shows that the distribution D 0 {f} is integrable and 
its leaves are totally geodesic in M. By the hypothesis of 
the theorem, it follows that the leaves of D^ are also 
totally geodesic in M. This completes the proof of the 
theorem. 
5.4 TOTALLY UMBILICAL SEMI-INVARIANT SUBMANIFOLDS OF A 
KENMOTSU MANIFOLD 
In this section we shall establish a classification 
theorem for a totally umbilical semi-invariant submanifold of 
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a Kenmotsu manifold. In fact we prove the following: 
THEOREM 5.4.1: Let M be a totally umbilical semi-invariant 
submanifold of a Kenmotsu manifold, then 
(1) M is totally geodesic, or 
(2) M is anti-invariant submanifold, or 
(3) dim D^ =1 . 
PROOF: For Z and W in D^, the equation 
V20W = (720)W + 0(72W) 
gives that 
(5.4.1) -Agy/Z + V20W = 0V2W + 0h(Z,W), 
where we have used the equations (1.2.1) and (1.4.1) . 
Taking inner product with Z and using umbi1icalness of M we 
have 
(5.4.2) g(H,0W) I1Z||2=g(Z,W)g(H,0Z). 
Interchanging Z and W in equation (5.4.2) we get 
(5.4.3) g(H,0Z) ||W||2 = g(Z,W) g(H,0W). 
Substituting the value of g(H,0Z) from equation (5.4.3) in 
equation (5.4.2) to get 
g(Z,W)2 
(5.4.4) g(H,0W) = g(H,0W). 
llZjr IIWII^ 
The possible solutions of the equation (5.4.4) are: 
(a) H=0, or (b) H 1 0 W , or (c) ZllW . 
If H=0 is the solution of the equation (5.4.4), then M is 
totally geodesic which guarantees part (1) of the theorem and 
the second part follow by the same arguments as made in 
theorem 3.2.2 of chapter III. Moreover, if and H 0'u then 
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obviously dim This theorem thus gives a complete 
c l a s s i f i c a t i o n of totally umbilical semi-invariant 
submanifold of a Kenmotsu manifold. 
5.5 REDUCTION IN CODIMENSION 
The s e m i - i n v a r i a n t s u b m a n i f o l d M is called mixed 
foliate if D is integrable and h(X,Z)=0 for each X in D and Z 
in D^. This definition of mixed foliateness of M is different 
from the definition adopted in case of Sasakian manifold 
(chapter IV), b e c a u s e if M is a proper s e m i - i n v a r i a n t 
submanifold of a Sasakian manifold, then the invariant 
distribution D is never involutive. In the present section we 
shall investigate the proper mixed foliate semi-invariant 
submanifold of a Kenmotsu space form, and in particular study 
the problem of reduction of its codimension. First we 
estimate the value of c for which the Kenmotsu space form 
M(c) admits a proper mixed foliate semi-invariant submanifold 
M. 
THEOREM 5.5.1 : Given a Kenmotsu space form M(c). In order 
that it may admit a proper mixed foliate semi-invariant 
submanifold, it is necessary that C<.-1 . 
PROOF: Taking X and Y in D and Z in D^ such that Z=0N for 
N£0D^. Substracting equation (1.4.6) from the equation (1.4.7) 
and using CN=0 we get 
(5.5.1) VvZ = BVv^N - 0PAmY. 
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By the use of equation (5.5.1) together with h(Q[X,Y],Z)=0 in 
Codazzi equation we get 
(5.5.2) [R(X,Y)Z]^ = h(Y,0PA,^X)-h(X,0PAf^Y) . 
Replacing X by 0Y and using the integrabi 1 ity of D, i.e., 
h(X,0Y)=h(0X,Y) together with the fact that A,^0Y£D in 
equation (5.5.2) we obtain 
(5.5.3) [R(0Y,Y)Z]' = 2h(0Y, ) 
Moreover, equation (1.4.11) gives that 
I (c+1) 
(5.5.4) [R(0Y,Y)Z] = 1 IY| j^N. 
2 
Equating equations (5.5.3) and (5.5.4) we obtain, 
(c+1) . 2h(0Y,A,^0Y) = I !Y; j^N. 
2 
Taking inner product with N and using the fact that 
g(Af^0Y, A^0Y) 2 0, 
the assertion immediately follows. 
In this way, the above theorem tells us that there 
exists proper mixed foliate semi-invariant submanifolds of a 
Kenmotsu manifold only for c ^-1. Since the choice of c to 
be -1 is not fruitful and therefore disregarding this value 
we study the reduction problem. First we obtain some results 
which are useful in establishing the main result. 
LEMMA 5.5.1: Let M be a proper mixed foliate semi - invariant 
submanifold of a Kenmotsu space form M(c), then 
(5.5.5) g(7uZ,X) = g(0A02U,X) 
for each X in D, Z in D^ and U tangent to M. 
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The proof is similar to that of lemma 4.3.1. 
PROPOSITION 5.5.1: Let M be a proper mixed foliate semi-
invariant submanifold of a Kenmotsu space form M(c), then 
h(X,Y)£ 
for X and Y in D . 
PROOF: For X and Y in D and Z in D^, the equation (1.4.10) 
gives that 
i (c+1) 
(5.5.6) [R(X,Y)Z] = g(X,0Y)0Z . 
2 
Using equation (5.5.6) in equation (1.1.5) and the fact that 
h([X,Y],Z)=0 we get 
(c+1 ) (5.5.7) g(X,0Y)0Z = hiX,Vy2) - h(Y,7j^Z). 
Taking inner product with 0W for W in D^ in equation (5.5.7) 
we have 
(c+1 ) 
(5.5.8) — - - g(X,0Y) g(Z,W) = g(h(X,VYZ)'0W)-g(h(Y,V^Z),0W) 
Replacing X by 0X in equation (5.5.8) and using the equation 
(5.5.5) together with the fact that Ag^ 0X £ D we get 
(c+1 ) 
(5.5.9) g(X,Y) g(Z,W) = -9(A0y,X,A02Y) -g( Agy^Y, Ag^X ) . 
2 
Clearly R^(X,Y)0Z £ 0D^ as 7y0Zg.0D^. Thus for N in u, 
equations (1.1.6) and (1,4.10) implie that 
g([A02,A,^] (X),Y)=0, i.e., 
(5.5.10) g(A,^X,A02Y) "9 (A,^ Y , A02X ) =0. 
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Furthermore, replacing X by 0X and taking inner product with 
N £ u in equation (5.5.7) we get 
(5.5.11) g(A,gX, A02Y) + g(Af^Y, A02X)=O. 
Adding equations (5.5.10) and (5.5.11) we obtain, 
A0Z(ANX)=O. 
Clearly for each X in D, Aj^ X D. Replacing X by A^ X^ in 
equation (5.5.9) and using the fact that Ag^A^X = A0^A|^X = 0 
we have 
(c+1 ) 
(5.5.12) g(A^X,Y) g(Z,W)=0. 
2 
By hypothesis of the theorem, M is proper and . Hence the 
equation (5.5.12) yields that 
g(A^X,Y)=0 , 
which implies that 
g(h(X,Y),N)=0 , 
i.e. h(X,Y) £ 
This completes the proof of the proposition. 
NOTE: We also observe that h(X,f), h(Z,'S), h(?,^) and 
H(X,Z+F) lie in for each X in D and Z in D^ . 
From equation (5.5.9), we conclude that: 
COROLLARY 5.5.1: Let M be a proper mixed foliate semi-
invariant submanifold of a Kenmotsu space form M(C), then 
? (c+1) . (1) A^^^X = - X, X in D and Z a unit vector in D"^ . 
4 
(2) A02A0wX=- A0^A02X, X £ D ; Z, and ZIW. 
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COROLLARY 5.5.2: If M(c) is a Kenmotsu space form. Then it 
will not admit any D-totally geodesic proper mixed foliate 
semi-invariant submanifold. 
Similar to semi-invariant submanifold of a Sasakian 
manifold, we have the following result in the setting of 
semi-invariant submanifold of a Kenmotsu manifold. 
LEMMA 5.5.2: L-2t M be a proper mixed foliate semi-invariant 
submanifold of a Kenmotsu space form M(c) satisfying 
h(Z,W) 
for each Z and W in D"*" , then 
T ^ M © 0DI 
is the first osculating space at x £.M. 
The proof is similar to that of lemma 4.3.2. 
On the same lines, as in case of Sasakian space form 
(Theorem 4.3.1), we have: 
LEMMA 5.5.3 [8]: Let M be a semi-invariant submanifold of a 
Kenmotsu space form M(c) with C5^-1. If the second funda-
mental form of M satisfies the classical equation of Codazzi, 
then M is either an anti-invariant or invariant submanifold. 
Using the results obtained in this section, we may 
state the main theorem of this section as: 
THEOREM 5.5.2: Let M be a (2k+q+1)-dimensional proper mixed 
foliate semi-invariant submanifold of a simply connected 
Kenmotsu space form M(c) of dimension n (n^2k+2q+1) 
satisfying h(Z,W) £ for each Z and W in D^. Then there 
exists a complete totally geodesic invariant submanifold m' 
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of dimension 2k+2q+1 of M such that M is a proper mixed 
foliate semi-invariant submanifold of m' . 
PROOF: From the curvature expression of the Kenmotsu space 
form M(c) and Lemma 5.5.2, it is obvious that the osculating 
space is a Lie-triple system. Hence by [23,31] there 
exists a complete totally geodesic submanifold m'of Mlc) of 
dimension 2k+2q+1. Furthermoe, obviously m' is an invariant 
submanifold. In fact, m' itself is a Kenmotsu space form of 
constnt curvature c, and M is its proper mixed foliate semi-
invariant submanifold. 
This gives the required reduction. 
REFERENCES 
[1] Bejancu, A.: CR-submanifolds of a Kaehler manifold I, 
Proc. Amer.'Math. Soc. 69 (1978), 135-
142. 
[2] : CR-submanifolds of a Kaehler manifold II, 
Trans. Amer. Math. Soc. 250 (1979), 333-
345. 
[3] : On the integrabi 1 ity conditions on a CR-
submanifold, An. St. A1. I. Cuza lasi 24 
(1978), 21-24. 
[4] : Umbilical CR-submanifolds of a Kaehler 
manifold, Rend. Math., 13 (1980), 431-
446 . 
[5] : Umbilical semi-invariant submanifolds of 
a S a s a k i a n manifold, Tensor (N.S.), 
Vol.37 (1982), 203-213. 
[6] Bejancu, A., Kou, M. & Yano, K.: CR-submanifolds of a 
complex space form, JDG, 16 (1981), 137-
145 . 
[7] Bejancu, A. & P a p a g h i u c , N.: S e m i - i n v a r i a n t sub-
manifolds of a Sasakian manifold. An. 
St.Al. I. Cuza lasi, 27 (1981), 163-170. 
[8] S e m i - i n v a r i a n t s u b - m a n i f o l d s of a 
S a s a k i a n space form, Colloq. Math., 
Vol.XLVIII (1984) (2), 229-240. 
1 3 
[9] : Some results on sectional curvatures of 
semi-invariant submanifolds in Sasakian 
space forms, Bull. Math. Soc. Sci . R.S. 
Roumanie, 27(1983), 99-110. 
[10] : An integral formula for semi - i nvari ant 
submanifolds in a Sasakian space form, 
Bui. Inst. Politehn. lasi. Sect. I 
(1985), 33-39. 
[11] Blair, D.E.: Contact manifold in Riemannian geometry. 
Lecture notes in Math, Springer-Ver1ag, 
Berlin-Heidelberg-New York (1976). 
[12] Blair, D.E. and Chen, B.Y.: On CR-subman i f ol ds of 
Hermitian manifolds, Israel J. Math., 34 
(1979), 353-363. 
[13] Chen, B.Y. : Geometry of submanifolds. Marcel Dekker 
Inc. New York, 1973. 
[14] : CR-submanifolds of a Kaehler manifold I, 
JDG, 16 (1981), 305-322. 
[15] : CR-submanifolds of a Kaehler manifold II, 
JDG, 16 (1981 ) , 493-509. 
[16] : Totally Umbilical Submanifolds of Kaehler 
manifolds. Arch. Math., Vol. 36 (1981), 
83-91. 
64. 
[17] : G e o m e t r y of s u b m a n i f o l d s and its 
applications, Science University, Tokyo, 
1981 . 
[18] Chen, B.Y. and Ogiue, K.: On totally real 
submanifolds, Trans. Amer. Math. Soc. 193 
( 1975) , 257-266. 
[19] Chen-Jung Hsu: On some properties of CR-submanifolds 
of Kaehler manifold, Chinese J. Math., 12 
(1984), 7-27. 
[20] Erbacher, J.: R e d u c t i o n of the c o d i m e n s i o n of an 
isometric immersion, JDG, 5 (1971), 333-
340. 
[21] Ejiri, N.: Totally real submanifolds in a 6-sphere, 
Proc. Amer. Math. Soc., 83 (1981), 759-
763. 
[22] Gray, J.: Some global p r o p e r t i e s of contact 
structures, Ann. of Math., 69 (1959), 
421-450. 
[23] Helgason, S.: Differential Geometry and Symmetric 
Spaces, Academic Press, New York (1962). 
[24] Jansen, D. and Vanhecke, L.: Almost contact structure 
and curvature tensors, Kodai Math. J., 4 
(1981), 1-27. 
[25] Kobayashi, M.: CR-submanifolds of a Sasakian manifold, 
Tensor (N.S.), 35 (1981), 297-307. 
1 5 
[26] : C o n t a c t C R - p r o d u c t s of Sasakian 
manifolds, Tensor (N.S.), 36 (1982), 281-
288. 
[27] : Semi-invariant submanifolds of a Certain 
Class of almost contact manifolds. Tensor 
(N.S.), 43 (1986), 28-36. 
[28] Kenmotsu, K.: A Class of almost contact Riemannian 
manifolds, Tohoku Math. J. 24 (1972), 93-
103. 
[29] K.obayashi , S. and Nomizu, K.: Foundations of Differen-
tial Geometry, Vol.1, 1963; Vol.11, 1969, 
John Wiley & Sons, New York. 
[30] Kon, M.: Invariant submanifolds in Sasakian manifolds, 
Math. Ann. 219 (1976), 277-290. 
[31] Klingenberg, W.: R i e m a n n i a n G e o m e t r y , Walter de 
Gruyter., Berlin, NewYork (1982). 
[32] Khursheed Haider, S.M., Khan, V.A. and Husain, S.I.: 
Totally Umbilical CR-submanifolds of a 
Kaehler manifold, Tamkang J. Math. Vol.23 
(4). 
[33] : Totally umbilical semi-invariant submani-
folds and CR-submanifolds of a Sasakian 
manifold, Tamkang J. Math., Vol. 24(1). 
[34] : Reduction in Codimension of Proper mixed 
foliated semi-invariant submanifolds of a 
Sasakian space form M(-3), to appear in 
e 6 
Rsvista di Mathematica, Delia Univ. di 
Parma, Italy. 
[35] Ki , U-Hang and Nakagawa, H.: Reduction of the co-
dimension of totally real submanifolds of 
a complex space form, Tsukuba J. Math. 11 
(1987), no.2, 399-412. 
[36] Ludden, G.D., Okumura, M. and Yano, K.: Anti-invariant 
submanifolds of almost contact metric 
manifolds, Math. Ann. 225 (1977), 253-
261 . 
[37] Matsumoto, K.: On Contact CR-subamnifolds of Sasakian 
manifolds, Internat. J. Math, Sci., 6(2) 
(1983), 313-326. 
[38] Matsushima, Y.: D i f f e r e n t i a b 1 e m a n i f o l d s , Marcel 
Dekker, Inc. New York, 1972. 
[39] Shahid Ali: On Geometry of CR-subman i f o 1 ds, Ph.D. 
thesis, AMU (1988). 
[40] Sasaki, S.: On differentiable manifolds with certain 
structures which are closely related to 
almost contact structures I, Tohoku Math. 
J. 12 (1960), 459-476. 
[41] Sekigawa, K.: Some CR-submanifolds in a 6-dimensional 
sphere, Tensor (M.S.), 41 (1984): 13-20. 
1 7 
[42] Tanno, S.: The automorphism groups of almost Contact 
Riemannian manifolds, Tohoku Math. J., 21 
(1969) ,21-38. 
[43] Yano, K.: On Structure defined by a tensor yield f of 
type (1,1) satisfying f^+f=0. Tensor 
(N.S.), 14 (1963), 99-109. 
[44] Yano, K. and Kon, M.: Structures on Manifolds, Series 
in pure M a t h e m a t i c s , Vol.3, World 
Scientific (1984). 
[45] : G e n e r i c s u b m a n i f o l d s of Sasakian 
manifolds, Kodai Math. J., 3 (1980), 163-
196. 
[46] : A n t i - i n v a r i a n t s u b m a n i f o l d s , Marcel 
Dekker Inc., New York and Bessel, 1976. 
[47] : CR-subamnifolds of a complex projective 
space, JDG, 16 (1981), 431-444. 
[48] : Differential Geometry of CR-submanifolds, 
Geom. Dedicata, 10 (1981), 369-391. 
[49] Yamaguchi, S., Nemoto, H. and Kawabata, N.: Extrinsic 
spheres in a Sasakian manifold. Tensor 
(N.S.), 40 (1983) 2, 184-188. 
